Abstract. We study the behavior of strongly interacting matter under an external magnetic field in the context of nonlocal Nambu-Jona-Lasinio (NJL) -like models. We find that at zero temperature the condensates display the well-known Magnetic Catalysis effect, showing a good quantitative agreement with lattice QCD (LQCD) results. Moreover, when extended to finite temperature we find that (contrary to what happens in the local NJL model) the Inverse Magnetic Catalysis (IMC) effect is naturally incorporated. We also analyze the magnetic susceptibility of the QCD vacuum in the limit of small magnetic field, considering two different model parametrizations, and compare our numerical results to those obtained in other theoretical approaches and in LQCD calculations.
Introduction
Over the last years the understanding of the behavior of strongly interacting matter under magnetic fields has attracted increasing attention due to its relevance for subjects such as the physics of magnetars [1] , the analysis of heavy ion collisions at very high energies [2] or the study of the first phases of the Universe [3] . Consequently, considerable work has been devoted to study the structure of the QCD phase diagram in the presence of an external magnetic field [4] . On the basis of the results arising from most low-energy effective models of QCD it was generally expected that, at zero chemical potential, the magnetic field would lead to an enhancement of the chiral condensate ("magnetic catalysis"), independently of the temperature of the system. However, LQCD calculations carried out with physical pion masses [5, 6] show that, whereas at low temperatures one finds indeed such an enhancement, the situation is quite different close to the critical chiral restoration temperature: in that region light quark condensates exhibit a nonmonotonic behavior as functions of the external magnetic field, which results in a decrease of the transition temperature when the magnetic field is increased. This effect is known as inverse magnetic catalysis (IMC). Although many scenarios have been considered in the last few years to account for the IMC [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] , the mechanism behind this effect is not yet fully understood. With this motivation, in this work we study the behavior of strongly interacting matter under an external magnetic field in the framework of nonlocal chiral quark models. These theories are proposed as a sort of nonlocal extensions of the well-known NJL model, intending to go a step further towards a more realistic effective approach to QCD. [27] [28] [29] [30] [31] [32] [33] .
Moreover, these effective models are a useful tool to investigate the QCD vacuum and its nontrivial structure. An interesting aspect to study is the behavior of hadronic systems in the presence of external sources. In particular, it is seen that a constant external electromagnetic field induces the existence of nonvanishing condensates which describe the response of the vacuum to the source. Here, we will study the magnetic susceptibility of the QCD vacuum in the limit of small magnetic field within a nonlocal Polyakov-NJL (PNJL) model that includes wave function renormalization (WFR).
dr µQ A µ (r) , where r runs over an arbitrary path connecting s with t, that, as it is usually done, we take to be a straight line.
We restrict to the case of a constant and homogeneous magnetic field along the 3-axis, choosing the Landau gauge. Next we perform a standard bosonization of the theory, introducing scalar and pseudoscalar fields σ(x) and π(x). Within the mean field approximation (MFA), pseudoscalar field vacuum expectation values (VEVs) vanish, and we assume the VEV of the scalar field,σ, to be homogeneous in coordinate space. In this way, following the Ritus eigenfunction method [34] we find [35] 
Here we have definedp = (p 3 , p 4 ) and s f = sign(q f B), while g(p 2 ) is the Fourier transform of G(z), L k (x) are the Laguerre polynomials, and the index k labels the Landau levels. We extend this result to finite temperature using the Matsubara formalism. In this way, the corresponding MFA thermodynamical potential Ω MFA and the associated gap equation can be obtained. By deriving Ω with respect to the current quark masses we get the magnetic field dependent quark condensate for each flavor [35] ,
This expression is in general divergent. It can be regularized by subtracting and adding a free quark condensate [30] ,
. In order to make contact with LQCD results quoted in Ref. [6] we introduce the quantity
To obtain the numerical predictions that follow from the above formalism, it is necessary to specify the particular form of the nonlocal form factor. Here, for simplicity, we consider the case of a Gaussian form factor g(p 2 ) = exp(−p 2 /Λ 2 ). Thus the model has three parameters, m c , G, and Λ, that we fix so as to reproduce empirical values of f π , m π and a given value of the quark condensate at zero T and B,
. Details can be found in Ref. [31] . Let us analyze numerical results at T = 0, which are shown in Fig. 1 . In the left panel we quote the model predictions for ∆Σ B,0 as functions of eB for various model parametrizations, together with results from LQCD [6] . Besides the expected magnetic catalysis effect, we observe that the predictions are very similar for all cases considered and show a very good quantitative agreement with LQCD results. In the right panel we show the corresponding results for Σ . In fact, the curves reach a maximum after which ∆Σ B,T starts to decrease with increasing eB, implying that the present nonlocal model naturally exhibits the IMC effect found in LQCD. This feature can also be seen from the results displayed in panel (b) of Fig. 2 . As expected, all curves show a crossover transition from the chiral symmetry broken phase to the (partially) restored one as the temperature increases. However, contrary to what happens e.g. in the standard local NJL model [4] , it is seen that within the present model the transition temperature decreases as the magnetic field increases. To be more specific, let us define the critical transition temperature as the value of T at which the derivative ∂[(Σ [6] . From the figure it is clearly seen that for magnetic fields beyond eB ≃ 0.4 GeV 2 all parameter sets considered here lead to a decrease of the critical temperature when eB gets increased, i.e. in all cases the IMC effect is observed. On the other hand, the strength of the IMC effect is rather sensitive to the parametrization, the best agreement with LQCD corresponding to the parameter set associated with the lowest value of Φ 0 considered here. 
Magnetic susceptibility of the QCD vacuum
Furthermore, a constant external EM field induces the existence of nonvanishing condensates that characterize the response of the QCD vacuum to the source. We have studied [36] , in the context of a
nonlocal PNJL model that also includes WFR, the VEV of the tensor polarization operator ψ σ µν ψ , where σ µν = i[γ µ , γ ν ]/2 is the relativistic spin operator. To leading order in the external field one has
where F µν is the field strength tensor and τ f is the so-called tensor coefficient. In our model, for vanishing temperature, one has [36] 
Here M f (p) and Z(p) are the (momentum dependent) quark effective mass and WFR, respectively. We have also extended this result to finite T , including a coupling of fermions to the Polyakov loop (PL). Different PL potentials found in the literature have been considered [37] .
In Fig. 3 we show our results for the normalized u quark tensor coefficient as function of the temperature. In the left panel we present results obtained using an improved polynomial PL potential [37] , considering Gaussian (PI) and LQCD-inspired [27] (PII) parametrizations. For comparison we also show the results from Ref. [38] , obtained in the context of the instanton liquid model (ILM), as well as LQCD estimates from Ref. [39] (dotted line and grey dashed band, respectively). Defining T c as the temperature corresponding to the inflection point of τ u (T ) we get T c = 158(160) MeV for PI (PII), while LQCD results lead to T LQCD c ∼ 162 MeV [39] . It is seen that for T > T c the curves obtained within our models are in reasonable agreement with LQCD results. On the other hand the transition shows a steep onset, which could be softened once mesonic fluctuations are included. In the right panel results corresponding to parametrization PII, for various PL potentials. It is found that whereas different potentials give rise to different shapes for τ u (T ) at T below the chiral transition, once the transition is surpassed the functions converge in general to a single curve that is in agreement with LQCD estimates.
Summary
We have studied the behavior of strongly interacting matter under an external constant magnetic field in the context of nonlocal NJL model. We found that at zero temperature the behavior of the quark condensates shows the expected magnetic catalysis effect, our predictions being in good quantitative agreement with LQCD results. On the other hand, in contrast to what happens in the standard local NJL model, when the analysis is extended to the case of finite temperature our results show that nonlocal models naturally lead to the IMC effect already at the mean field level.
We have also investigated the magnetic susceptibility of the QCD vacuum within a nonlocal PNJL model that includes WFR and we found that the tensor coefficient remains approximately constant up to a critical temperature, at which there is a sudden drop that can be clearly identified with the restoration of the SU(2) chiral symmetry. As occurs for other quantities (e.g. the scalar quark condensates) in the framework of nlPNJL models at the mean field level, we notice that at the onset of the chiral transition the behavior of the tensor coefficient is rather steep in comparison with LQCD estimates. This discrepancy is expected to be cured once meson fluctuations are included in the calculation. In any case, these corrections should not modify the behavior of the tensor coefficient above the transition, which is found to be in good agreement with LQCD results. 
